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Abstract

A self-consistent approximation to the coupled equations of heat and electric current densities is developed to
facilitate the integration of the relaxation time approximation of the Boltzmann transport equation in a realistic design,
analysis, and optimization of energy conversion devices. By introducing two auxiliary energies in the empirical
Boltzmann transport equations, the coupled equations can be simply expressed in these auxiliary energies. These
auxiliary energies are then determined by optimizing both the heat current through charge neutrality equation without
the presence of electric current and the carrier concentrations with the presence of electric current. The heat and the
electric current densities as well as the transport properties can then be calculated. The calculated transport properties
agreed reasonably well with existing experimental and computational data.

1 Introduction

Most of the existing design, analysis and optimization of thermoelectric devices used temperature-dependent or con-
stant transport properties (1; 2) mostly measured from small samples and the interface and contact effects between
their legs and connectors were ignored or accounted for separately. In reality, these transport properties are functions
of the electronic band structures that vary with temperature and doping concentration and are affected by the interfa-
cial parameters at the junctions and the contacts. Consequently, the constant or the temperature-dependent transport
properties are unable to practically characterize the leg materials of the devices. For realistic device design, analysis,
and efficiency and output power projections, more accurate transport properties or direct calculations of the heat and
the electric currents of the device are, therefore, necessary. Toward this end, dedicated computational techniques such
as the empirical Boltzmann transport equation (3) and the first-principle calculations (4; 5) are available for precise
calculation of energy band structure and transport properties. It has been showed in recent reviews (6; 7; 8) that the
first-principle calculations can provide accurate equilibrium crystal structure and electronic band structures that can
be fed to the Boltzmann transport equation for the calculation of the transport properties with a few or without any
empirical parameters. These techniques are developed for the study of the fundamental parameters and the design
of advanced materials and are difficult to be employed for device design, analysis and optimization. However, for
non-degenerate semiconductors, the relaxation time approximation (RTA) of the Boltzmann transport equation can be
used to obtain the coupled equations of heat and electric current densities from which the transport properties can be
derived in analytical forms (9) with the energy as a free variable. Since the quantities described by the coupled current
equations that are based on the random transport of particles are at macroscopic scale, i.e., heat and electric current
densities, the behavior of these quantities must obey the rules/laws for semiconductors at continuum level. From this
point of view, this work is aimed to merge the (RTA) Boltzmann transport equation in the device design, analysis, and
optimization. A shortcut approximation to the coupled equations of heat and electric current densities is presented.
Two auxiliary energies are introduced into the (RTA) Boltzmann transport equation such that the coupled equations
of heat and electric current densities can be expressed in these auxiliary energies. These auxiliary energies are then
determined by the rules/laws for semiconductors at continuum level with or without the presence of electric current
rather than by the first-principle calculations (a shortcut). The heat and the electric current densities as well as the
transport properties are then calculated.

London Journal of Physics 1 DOI 10.69710/ljp.v1i1.10227

https://dx.doi.org/10.69710/ljp.v1i1.10227


A Shortcut Approximation to the Coupled Equations of Heat and Electric Currents Volume 1 No 1

2 Formulations outline

2.1 Governing equations

The relaxation time approximation of the Boltzmann transport equation and the Fermi-Dirac distribution function are
used to obtain the coupled equations of heat and electric current densities. By introducing two auxiliary energies,
∆En = EF − Ec and ∆Ep = Ev − EF , where EF is the Fermi level, Ec and Ev are, respectively, the edges of the
conduction and the valence bands, the Boltzmann transport equation for electrons and holes in a n-type semiconductor
under a given temperature gradient ∇r T and an applied field can be expressed as:

fn(E) = f eq
n (E)−

[
∂ f eq

n (E)
∂E

]
τ(E)v(E) ·

[
Fn −∇rEc −∇r(∆En)− (ηnkB T −∆En)

(
∇rT

T

)]
(2.1)

fp(E) = f eq
p (E)−

[
∂ f eq

p (E)
∂E

]
τ(E)v(E) ·

[
−Fp −∇rEv +∇r(∆Ep)+(ηp kB T −∆Ep)

[
∇rT

T

]]
(2.2)

where v(E) is the particle velocity, τ(E) is the relaxation time, Fn and Fp are, respectively, the forces of the field
on electrons and holes, ηn = (E −Ec)/(kB T ), ηp = (Ev −E)/(kB T ), kB the Boltzmann’s constant, T the absolute
temperature, and r the space position (for one-dimensional problem, r is x).

The electric current density in a semiconductor is defined as:

jn =
∫

∞

Ec

qv(E)gn(E) [ fn(E)− f eq
n (E)] dE (2.3a)

where q is electric charge (negative for electron and positive for hole), gn(E), the density of states of electron, is given
by:

gn(E) =
4π(2m∗

n)
3/2

h3 (E −Ec)
1/2 = g0

n (E −Ec)
1/2 , g0

n =
4π(2m∗

n)
3/2

h3 (2.3b)

in which m∗
n is the effective mass of electron and h is Planck’s constant. v(E), the velocity of electron as a function of

E, is given by:

v2 =
2

3m∗
n
(E −Ec) = v0 (E −Ec) , v0 =

2
3m∗

n
. (2.3c)

The energy-dependent relaxation time τ(E) is given by the power law:

τ(E) = τ0

(
E −Ec

kBT

)r

(2.3d)

where τ0 is a constant relaxation time and r is the electron scattering parameter.
Introducing Eqs. (2.1), (2.3b), (2.3c) and (2.3d) into the integrand of Eq. (2.3a), the electric current density is

obtained as:

jn = q
∫

∞

0
N0 eξn

{
[Fn −∇rEc −∇r(∆En)] (kB T )3/2

η
r+3/2 e−ηn

−
[
(kB T )5/2

η
r+5/2
n e−ηn −∆En(kB T )3/2

η
r+3/2
n e−ηn

](
∇rT

T

)}
dηn. (2.4a)

where N0 = τ0 v0 g0
n and ξn = (EF −Ec)/(kB T ). Denoting Ks =

∫
∞

0 N0 (kB T )3/2 η
s+r+3/2
n e−ηn dηn, Eq. (2.4a) can be

re-written in the following compact form:

jn = qeξn

{
[Fn −∇rEc −∇r(∆En)] K0 − (K1 −K0 ∆En)

(
∇rT

T

)}
. (2.4b)

The heat current can be defined as:

jn
q =

∫
∞

Ec

(E −EF)v(E)gn(E) fn(E)dE (2.5)
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Introducing Eqs. (2.1), (2.3b), (2.3c), (2.3d) into Eq. (2.5), the heat current is obtained as:

jn
q =−(∆En)

jn
q
+

∫
∞

Ec

Nn

kBT
(E −Ec)

5/2
(

E −Ec

kBT

)r

e(∆En+Ec−E)/kB T

×
[

Fn −∇rEc −∇r(∆En)− (ηnkBT −∆En)
(∇rT

T

)]
dE (2.6a)

Re-grouping the terms and using the notation of ηn, ξn, and Ks, the heat current can be expressed as:

jn
q = eξn

{
[Fn −∇rEc −∇r(∆En)] K1 − (K2 −K1 ∆En)

(
∇rT

T

)}
− (∆En)

jn
q

(2.6b)

Following the same approach, the coupled equations of heat and electric current densities for holes can also be
obtained as below:

jp =−qeξp

{
K0 [−Fp −∇rEv +∇r(∆Ep)]+(K1 −K0 ∆Ep)

(
∇rT

T

)}
(2.7)

jp
q = eξp

{
K1 [−Fp −∇rEv +∇r(∆Ep)]+(K2 −K1 ∆Ep)

(
∇rT

T

)}
+(∆Ep)

jp

q
. (2.8)

where ξp = ∆Ep/(kB T ).

2.2 Self-consistent approximation

Assuming Fn −∇r Ec ≈ 0, Eqs. (2.4b) and (2.6b) can be approximated by:

jn = qeξn

[
−K0 ∇r(∆En)− (K1 −K0 ∆En)

(
∇rT

T

)]
(2.9a)

jn
q = eξn

[
−K1 ∇r(∆En)− (K2 −K1 ∆En)

(
∇rT

T

)]
− (∆En)

jn
q

(2.9b)

The transport properties, Seebeck coefficient (α), electrical conductivity (σ), and electronic thermal conductivity (κ),
can be derived from Eq. (2.9) and are expressed, respectively, as:

αn =
1

qT

(
∆En −

K1

K0

)
=

kB

q

[
ξn −

(
r+

5
2

)]
(2.10a)

σn =
q2

T
K0 = q2

(
8τ0

3m∗
n
√

π

)(
2πm∗

n kB T
h3

)3/2

e∆En/kB T
Γ(r+5/2) (2.10b)

κn =
1

T 2

(
K2 −

K2
i

K0

)
=

e∆En/kB T

T

(
4τ0 (kB T )2

3m∗
n
√

π

)(
2πm∗

n kB T
h3

)3/2

Γ(r+7/2) (2.10c)

Similarly, Eqs. (2.7) and (2.8) can be approximated by:

jp =−qeξp

{
K0 ∇r(∆Ep)+(K1 −K0 ∆Ep)

(
∇rT

T

)}
(2.11)

jp
q = eξp

{
K1 ∇r(∆Ep)+(K2 −K1 ∆Ep)

(
∇rT

T

)}
+(∆Ep)

jp

q
. (2.12)

The transport properties for holes can also be obtained from Eqs. (2.11) and (2.12) as:

αp =
1

qT

(
∆Ep −

K1

K0

)
=

kB

q

[(
r+

5
2

)
−ξp

]
(2.13a)
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σp =
q2

T
K0 = q2

(
8τ0

3m∗
p
√

π

)(
2πm∗

p kB T
h3

)3/2

e∆Ep/kB T
Γ(r+5/2) (2.13b)

κp =
1

T 2

(
K2 −

K2
i

K0

)
=

e∆Ep/kB T

T

(
4τ0 (kB T )2

3m∗
p
√

π

)(
2πm∗

p kB T
h3

)3/2

Γ(r+7/2) (2.13c)

where m∗
p is the effecive mass of hole.

The bipolar transport properties are then calculated by the following equations:

α =
αn σn +αp σp

σ
(2.14a)

where σ is given by:

σ = σn +σp (2.14b)

κ = κn +κp +
σn σp

σ
(αp −αn)

2 T. (2.14c)

The auxiliary energies, ∆En and ∆Ep, are determined at macroscopic level using the rules/laws for semiconductors
with and without the presence of electric current ( j = 0 and j ̸= 0).

For j = 0, ∇rT/T is firstly solved from Eq. (2.9a) and is then introduced into Eq. (2.9b) to solve for ∇r(∆En)
which is given by:

∇r(∆E0
n ) = jn0

q e−ξ0
n

K1 −K0 ∆E0
n

K0 K2 −K2
1

(2.15)

in which the superscript 0 denotes the variables obtained at j = 0. Similarly, for holes, ∇r(∆Ep) is given by:

∇r(∆E0
p) = jp0

q e−ξ0
p

K1 −K0 ∆E0
p

K2
1 −K0 K2

. (2.16)

It is assumed that jn0
q and jp0

q can be calculated, respectively, by:

jn0
q =−kn

q
dT
dx

(2.17a)

and

jp0
q =−kp

q
dT
dx

(2.17b)

where kn
q and kp

q are considered as the mean thermal conductivity. At j = 0, the charge neutrality condition should be
observed, i.e., ND−NA+ p−n = 0, where ND and NA are the donor and acceptor concentration, p and n are the carrier
concentration for electron and hole, respectively. kn

q and kp
q are determined, respectively, by Eq. (2.10c) and (2.13c)

iteratively and simultaneously using ∆En and ∆Ep determined by the neutrality condition until they are converged to
constants (within the allowed errors). The respective auxiliary energies are then considered as ∆E0

n and ∆E0
p. The

current densities calculated by (2.17) are the heat current densities without the presence of electric current ( j = 0).
For j ̸= 0, ∇rT/T is firstly solved from Eq. (2.9b) and is then introduced into Eq. (2.9a) along with Eq. (2.15) to

obtain the electric current density as given below:

jn =
q
[

jn0
q
(
K1 −K0 ∆E0

n
)

eξn−ξ0
n − jn

q (K1 −K0 ∆En)
]

∆En(K1 −K0 ∆En)− (K2 −K1∆En)
(2.18a)

Using Eq. (2.15) and ∇rT/T for j = 0, heat current density can also be approximated by:

jn
q = jn0

q eξn−ξ0
n

[(
∆E0

n −∆En
)
(K1 −K0 ∆En) K0

K0 K2 −K2
1

+
jn
q

jn0
q

]
(2.18b)
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Similarly, the heat and electric current densities for the minority carriers (holes) can also be obtained:

jp =
q
[

jp
q (K0 ∆Ep −K1) + jp0

q
(
K1 −K0 ∆E0

p
)

eξp−ξ0
p
]

(K2 −K1∆Ep)−∆Ep(K1 −K0 ∆Ep)
(2.19a)

and

jp
q = jp0

q eξp−ξ0
p

[(
∆Ep −∆E0

p
)
(K1 −K0 ∆Ep) K0

K2
1 −K0 K2

+
jp
q

jp0
q

]
. (2.19b)

At j ̸= 0, the energy band structure and the carrier concentrations should be different from those at j = 0. Since
the carrier distribution is time-independent, the system is in steady state. A steady system should stay at a stable state.
Based on this scenario, the auxiliary energies at j ̸= 0, ∆En and ∆Ep, are determined by finding the stationary points
of the carrier concentrations, i.e.,:

d n
d(∆En)

∣∣∣∣
T
=

d
d(∆En)

∫
∞

Ec

gn(E) [ fn(E)− f eq
n (E)] dE = 0 (2.20a)

and

d p
d(∆Ep)

∣∣∣∣
T
=

d
d(∆Ep)

∫ Ev

−∞

gp(E)
[

fp(E)− f eq
p (E)

]
dE = 0. (2.20b)

The auxiliary energies obtained from Eqs. (2.20) are used to calculate the heat and electric current densities using
Eqs. (2.18) and (2.19), respectively.

3 Results and discussion

Formulations outlined in section 2 were used to determine the heat and the electric current densities of a n-type
Silicon semiconductor. The semiconductor has an effective mass of m∗

n = 0.36me for electron and of m∗
p = 0.81me

for hole, where me is the mass of free electron. The temperature gradient used in the calculations is dT/dx = 1.0·105

K/m. Changes of the auxiliary energies, ∆En and ∆Ep, with temperature are firstly presented for different doping
concentrations. The transport properties are then given. Subsequently, the heat and the electric current densities are
presented for different temperature and doping concentrations.

3.1 Auxiliary energies – ∆En and ∆Ep

The auxiliary energies at j = 0, ∆E0
n and ∆E0

p, and at j ̸= 0, ∆En and ∆Ep, were calculated for different donor
concentrations (ND) and temperatures. These results are shown in Fig. 1. For j = 0, these results (Fig. 1a) are
basically the same as those calculated using the following equations given in (10; 11):

nn =
1
2

[
ND −NA +

√
(ND −NA)2 +4n2

i

]
np =

n2
i

nn
(3.1a)

EFn −Ec = kB T ln
(

nn

Nc

)
Ev −EFn = kB T ln

(
pn

Nv

)
(3.1b)

where nn and pn are, respectively, the electron and hole concentrations of the n-type semiconductor, Nc and Nv are the
effective densities of state of the conduction and the valence bands, respectively, EFn is the Fermi level, and ni is the
intrinsic carrier concentration calculated by:

ni =
√

Nc Nv e−Eg/(2kB T ). (3.1c)

Considering that ∆E0
n and ∆E0

p are obtained at j = 0 and that Eq. (3.1) are obtained at thermal equilibrium condition
without any external excitation (not shown), the agreement between these two results can be justified.

For j ̸= 0, ∆En and ∆Ep are shown in Fig. 1b. Comparison between Fig. 1a and 1b shows that ∆En and ∆Ep are
lower than ∆E0

n and ∆E0
p. Their slopes are also different. These differences can be understood that as electric current

flows through the semiconductor, its energy level changes and becomes lower than those at j = 0.
From Fig. 1, it can be observed that |∆En| < |∆Ep|, which indicates that the Fermi level, EFn, is close to the

conduction band edge, a common characteristics for n-type semiconductors.
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(a)

(b)

Figure 1: Variation of (a) ∆E0
n and ∆E0

p and (b) ∆En and ∆Ep with temperature and doping concentratioin.
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Figure 2: Thermoelectric transport properties vary with doping concentration. (a) Constant relaxation time, τ0, used
in current work to calculate the transport properties. (b) Electrical conductivity, σ. (c) Seebeck coefficient, α. (d)
Electronic thermal conductivity, κ. Dashed lines are for (12). Solid lines are for the current work. Open circle is for
experimental data (13).

3.2 Transport properties

The transport properties calculated from Eqs. (2.10a), (2.10b), and (2.10c) are shown in Fig. 2. Equations (2.10b) and
(2.10c) indicate that σ, and κ are directly affected by the scattering parameters τ0 and r. For a fixed r, the constant
relaxation time τ0 needs to be adjusted such that either σ or κ can be better correlated with existing data. These two
parameters, τ0 and r, are the only parameters needed to be adjusted in this self-consistent approximation. τ0 used in
the current calculations to correlate with the existing data for σ is shown in Fig. 2a for r =−1/2. As it can be observed
from Fig. 2b that the agreement between the current calculation and the existing calculation data (12) for σ at 300 K
is very well. However, the correlation for κ is not as good as that for the σ as shown in Fig. 2d. The ratio between
the κ and the σT , κ/σT , calculated in the current work for the considered doping densities is 6.65608·10−8W-Ω/K2

higher than the Lorentz number for metals, 2.4453·10−8W-Ω/K2. Figure 2c shows the computed results for α. Since
α is independent of τ0 and the scattering parameter r can be a constant for different doping concentrations, three rs
were used for the calculations, i.e., −1/2, 1/2, and 3/2. The results show that r =−1/2 gives better correlation with
the experimental data (13) and the existing simulation data.

3.3 Electric current density

Figure 3 shows the changes of electric current density with temperature and doping concentrations. The electric
current density decreases with temperature and increases with doping concentration. As Eqs. 2.3a and 2.18a indicate
that the electric current density is a function of electron potential, energy band gap, density of states, and heat current.
Both electron potential and band gap decrease with temperature as shown in Fig. 1. In these results, the decrease of
electric current with temperature is mainly caused by the decrease of heat current as to be discussed in the subsequent
section. Electric current increases with doping concentration can be easily understood. As the numbers of the charge
carriers increases, electric current increases accordingly. However, as the number of charge carriers increases, electron
scattering also increases. As a result, the increases of the electric current with doping concentration is reduced as
shown in the these figures. This is consistent with the electrical conductivity as shown in Fig. 2b.

3.4 Heat currents

Heat current densities with and without the presence of electric current in the semiconductor were calculated for the
given temperature gradient. Figure 4a shows the heat currents without the presence of electric current while Fig. 4b
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(a)

(b)

Figure 3: Electric current densities vary with temperature and doping concentrations. (a) Electric current density vary
with temperature for the given doping concentrations. (b) Electric current density vary with doping concentration for
the given temperature.
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shows those with the presence of electric current. Similar to the electric current densities, these heat currents depend on
electron potential, energy band gap, density of states, and electric current. These results showed that the heat currents
with or without the presence of electric current decreased with temperature. This is consistent with the thermal
conductivity which decreases with temperature. These figures also showed that the heat currents increased with the
doping concentration which is also consistent with the thermal conductivity that increases with doping concentration.
The increase of the heat current with doping concentration is nonlinear. At lower doping concentration, the increase
is large. As the doping concentration increases, the increase gradually becomes smaller. These results also showed
that the heat current with the presence of electric current was larger than that without the electric current for a given
doping concentration and a temperature. The difference between jn0

q and jn
q is large at lower doping concentration. As

the doping concentration increases, their difference decreases and eventually they become nearly the same at about
ND = 2.5 · 1019 cm−3. This result can also be deduced from Eq. (2.18b) which shows that the heat current with the
presence of electric current is calculated by jn0

q scaled by a factor of function of the ∆E0
n and ∆En. As ∆E0

n and ∆En

becomes close to each other at higher doping concentration, the factor becomes close to 1.0. As a result, jn
q ≈ jn0

q .
These results explained the heating effect of electric current in a semiconductor.

The proposed self-consistent approximation to the coupled transport equations of heat and electric current den-
sities can provide good characterizations of the transport properties and the heat and the electric current densities.
By introducing the auxiliary energies, ∆En and ∆Ep into the (RTA) Boltzmann transport equation, and using the
generic equations for the effective density of states, the carrier velocity derived directly from the kinetic energy, and
the power law for the energy-dependent relaxation time, the coupled equations of heat and electric current densities
can be expressed in these auxiliary energies. Considering that at zero electric current, the system should be neutral and
the charge carriers should be balanced, these auxiliary energies are determined by optimizing the heat current using
charge neutrality conditions. Considering that the (RTA) Boltzmann transport equation is time-independent thus the
particle distribution is in steady state and that a steady system should be stable, for non-zero electric current, the aux-
iliary energies are determined by finding the stationary points of the carrier concentrations. By such a self-consistent
approximation, the needs for the calculation or adjustment of the chemical potentials are not necessary. Consequently,
the (RTA) Boltzmann transport equation can be easily merged in the device design, analysis, and optimization to deter-
mine the transport properties realistically. The calculated Seebeck coefficient agreed very well with experimental and
existing computational data using r = −1/2. By adjusting the constant relaxation time, τ0, for different doping con-
centrations, the electrical conductivity also agreed very well with the existing computational data. By comparing the
calculated ratio of the electronic thermal conductivity to the electrical conductivity multiplied by temperature, κ/σT ,
with the Lorentz number, the electronic thermal conductivity was found to be overestimated in the current work. The
heat and the electric current densities can also be calculated in the current approximation. From these current densities,
the output power and the efficiency of the device can be directly evaluated without resorting to the transport properties.
These will be invaluable information for the deign, analysis, and optimization of semiconductor devices.

In this proposed approximation, the power law of the energy-dependent relaxation time plays a considerable role
in the calculation of the transport properties, the heat and the electric current densities. And, its constant relaxation
time, τ0, and power, r, are the only parameters needed to be adjusted for better correlation with experimental data.
More accurate formulation for relaxation time or electron/phonon scattering is needed for realistic design, analysis,
and optimization of semiconductor devices.

4 Conclusions

Thermoelectric transport properties vary as the legs are integrated into the devices, thus temperature-dependent or
constant properties used in the design, analysis, and optimization of these devices cannot accurately characterize the
leg materials. The proposed self-consistent approximation can easily merge the (RTA) Boltzmann transport equation in
the design, analysis, and optimization of thermoelectric devices for realistic characterization of the transport properties
of the materials without resorting to high-level computation such as the first principle calculation. This approximation
can also calculate the heat current density with and without the presence of electric current and the electric current
density, which are invaluable information for direct determination of the efficiency and the output power of the devices
without resorting to the transport properties. Development of more accurate formulation for the relaxation time or
electron/phonon scattering could minimizing or remove the need for correlation with experimental data.
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(a)

(b)

Figure 4: Heat current density vary with temperature and doping concentration. (a) Heat current density without the
presence of electric current. (b) Heat current density with the presence of electric current.
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