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Abstract

Quantum optomechanical systems enable versatile control of non-classical light. We study
two-mode squeezed-light generation in a driven optomechanical cavity with parametrically am-
plified optical modes coupled to mechanical resonators. Coherent driving reveals a rich control
landscape where parametric nonlinearity, optomechanical coupling, and reservoir interactions
jointly tailor quantum correlations-including two-mode squeezing, entanglement, steering, and
discord. Remarkably, mechanical oscillators not only mediate optical entanglement but also
act as a squeezing resource, enabling enhancement or suppression of quantum correlations via
parameter tuning. We derive steady-state second-order moments and closed-form covariance
matrix expressions, quantifying entanglement via logarithmic negativity, steering via Reid crite-
rion, and discord via von Neumann entropy, providing a comprehensive framework for optimized
generation of quantum correlations in hybrid quantum systems.

1 Introduction

The generation and control of non-classical states of light are foundational goals in quantum op-
tics, with far-reaching implications for quantum information processing, precision metrology, and
fundamental tests of quantum mechanics [10,28]. Among these, two-mode squeezed light-the op-
tical realization of Einstein-Podolsky-Rosen (EPR) entangled states [31]-has emerged as a critical
resource for quantum technologies, enabling quantum teleportation [7], entanglement-based cryp-
tography [37], and interferometric measurements beyond the standard quantum limit [12,38].

Traditional generation of two-mode squeezed light relies on parametric processes in nonlinear
crystals [10,53,57] or four-wave mixing in atomic ensembles [3,31]. While successful, these methods
offer limited tunability and face integration challenges. Cavity optomechanics-where mechanical
motion couples parametrically to optical fields [1,23]-has introduced transformative paradigms for
quantum state engineering. Mechanical elements provide additional quantum degrees of freedom
and enable dynamic control via radiation pressure [1,2, 0], offering unique advantages: mechanical
oscillators mediate optical correlations [15, 17], coupling strengths are tunable in situ [1], and
integrated platforms enable scalable implementations [9,13,39,44]. Experimental milestones include
ground-state cooling of nanomechanical oscillators [9,43], observation of quantum motion [39], and
quantum-coherent optomechanical coupling [17,415].

The integration of parametric squeezing with optomechanics introduces complex dynamics
where quantum noise, thermal fluctuations, and coherent driving compete [12]. Coherent drives
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pump the parametric process while controlling the mechanical state, enabling ground-state cool-

ing [15,30,51] and optical squeezing [3, 35, 52], making driven optomechanical systems attractive
for generating two-mode squeezed light [20,33]. Recent advances show that parametric driving
enhances squeezing bandwidth and reduces quantum noise [10, 50, 56], while squeezed vacuum

reservoirs suppress noise beyond conventional limits . This hybrid architecture facilitates broad-
band operation via combined optical spring and parametric effects, enabling quantum-enhanced
sensing and efficient entanglement generation [1,22 27, 18].

The system comprises a nondegenerate parametric oscillator embedded within an optomechan-
ical cavity, where two distinct optical modes (signal and idler) are parametrically coupled. This con-
figuration enables two-mode squeezing [341,57], frequency-multiplexed entanglement, mode-selective
quantum control, EPR steering [3%], and quantum transduction [1,22]. The cavity is coherently
driven and coupled to a squeezed vacuum reservoir for noise suppression, while the mechanical
mode is connected to a thermal bath (n) inducing controlled decoherence [15,30,51]. We present a
comprehensive theoretical investigation of squeezed light and quantum correlations in this nonde-
generate parametric oscillator-optomechanical hybrid system.

2 Cavity Mode Variables

We study a nondegenerate parametric oscillator in which two optical modes (signal and idler) are
parametrically coupled inside an optomechanical cavity and interact with a mechanical oscillator
via radiation pressure. The dynamics-parametric amplification, optomechanical coupling, coherent
driving, and reservoir interactions-are captured by the Hamiltonian. Working in the interaction
picture with respect to the cavity free energy hw, Zj d;dj (hence omitted) while retaining the

mechanical free energy fw,, > j B;I;j, we have:
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where ¢; is the driving amplitude, g; the optomechanical coupling strengths, «; the classical am-
plitude, x the two-mode squeezing (parametric down-conversion) strength, and Ajx,n;, coupling
constants to external squeezed vacuum and thermal baths Aj;, Bj;. The master equation is:
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with H s containing the coherent, optomechanical, and parametric terms from Eq. (1), and super-
operators:

D[O)p = 20p0" — O1Op — pO10, S[0)p = 20p0 — O?p — pO?, (3)
where r; are cavity decay rates with squeezed reservoirs, IN; = sinh? rj (photon number from
squeezing), M; = /N;(1+ N;) (squeezing correlation), ; mechanical damping rates, and 7n;

thermal bath occupations. From Eq. (2) and the Heisenberg-Langevin approach % = Tr(%fl),
the steady-state second-order moments are obtained by setting time derivatives to zero:

2 . * *
Ajk = m [gkaj —&jQ — ngak(Ejk + jk)
+ g0 (Ej + Fioj) + x(Cjz_p, — ASj,k)} ; (4)
2 )
Cjr = m eray + ey — igrag (B + Fik)
— 1950 (Egj + Fij) + X(Aj3_p, + AEE_]-,k)] ; (5)
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with Ajp = (alag),  Cj = (azar) , By = (blbe), Dy = (bib), Eje = (alb), Fjy, =
(G;br). The steady-state second-order correlations are compactly expressed in terms of the moments
as:

X5p =5 (A + Arj £ (Cje + Cjr)) 4 (10)
Y =5 (Bjk + Biy = (D + D) (11)
Zjik =3 (B + Efy £ (Fir + Fj)) - (12)

These symmetric and antisymmetric combinations directly correspond to quadrature covariances
and are essential for evaluating the output spectrum and quantum correlations.

3 Quadrature Fluctuations and Two-Mode Squeezing

Squeezing properties are quantified via quadrature variances derived from the second-order mo-

ments Xﬁ, ijk:, and Zﬁ with emphasis on two-mode variances characterizing EPR-type correla-

tions [10,34, 38,
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3.1 Two-Mode Quadrature Variances for cavity Modes
For two optical modes j and k, we define the EPR-type joint quadrature operators as
Jk ﬂ ’

where Xj and X, are the position quadratures of the respective modes. The variances of these
operators are given by Using the correlation matrices A, and Cj from Egs. (4), and (5), the
quadrature variances in terms of symmetrized moments are expressed:

(13)

AXﬁQ = <X+ + X5+ 2X+
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together with I; = Im(Ej; + Fj;) and

Ly, = Im(Ej, + ij) For each mode j, the steady-state amplitudes «; satisfies
g (3 — ixas—)

(7) +x? 0‘3—;‘

o = (22)

where a3_; denotes the amplitude of the other mode (k when j is considered). The mechanical
displacement b; by the radiation-pressure interaction is given by:

219,
bj = = |y ? (23)
i

London Journal of Physics 4 DOI 10.69710/1jp.v3i2.17893


https://dx.doi.org/10.69710/ljp.v3i2.17893

Parametric Control of Two-Mode Squeezed Light Volume 3 No 2

25 L " " " " " " " " L S S S S SR Y 1

Figure 1: Plots of [Eq. (14)] versus g/ for v = 0.1, kK = 0.8, ¢ = 0.35, and x = 0.15

FIG. 1 shows the EPR quadrature variances AX]TZQ (blue) and AXj_k2 (red) versus g/. AXj_k2

exhibits squeezing (minimum 0.703, 15% below SQL), while AXJTEQ shows anti-squeezing (2.369, 30%
above SQL), preserving the Heisenberg uncertainty relation. Squeezing persists over 0.5 < g/v < 2,
with a broad plateau indicating robust entanglement. Both variances saturate at high coupling
as nonlinearities balance the drive, with maximum squeezing at intermediate coupling. These
results demonstrate efficient two-mode squeezed state generation via Kerr nonlinearity, violating
the classical noise limit over a wide parameter region. FIGS. 2 and 3 reveal the EPR difference
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Figure 2: Plots of AX]._,C2 versus g/v for v = 0.1, Kk = 0.8, e = 0.35, and for different x values

variance AX;,C2 versus g/v. Fig. 2 shows that larger Kerr nonlinearity x produces deeper squeezing
(lower minima) and slightly shifts optimal coupling, enhancing inter-mode correlations. Fig. 3
shows that larger drive amplitude € (with £ > 0) produces deeper squeezing by strengthening the
intracavity field and cross-Kerr interaction; no squeezing occurs for ¢ = 0. Both curves saturate
at high coupling as nonlinearities balance the drive. Thus, x and ¢ are key control parameters for
generating strong, tunable two-mode squeezed states.
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Figure 3: Plots of AXj_k2 versus g/v for v = 0.1, k = 1.0, x = 0.15, and for different e values

For two mechanical modes j and k, the squeezing properties are characterized by the variances of
the EPR-type joint quadrature operators

o Y-V g VitV
Q]k_ \/i ) ]k‘_ \/§ )

where Y] and Y}, denote the position quadratures of the mechanical modes. The variances are given
by

(24)

1
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where
Y;; = Bjj + Re(Djj),
1 «
Yj;; = §(Bjk + Byj + Dj + Djy), (26)
with
290
Bjj = % Im(Ej; + Fj;), (27)
J
Djj = — - (Ej; + F;). (28)

FIG. 4 displays the mechanical EPR variances AY}'};Z (blue) and Aij (red dashed) versus g/~.
Both initially exceed the SQL due to thermal noise. With increasing coupling, AY}'}? drops below

the SQL-signaling two-mode squeezing-while AYJ.EQ rises correspondingly. Squeezing persists over
g/ ~ 1-3 and saturates at large coupling as nonlinearities balance the drive. Despite thermal noise
(n > 0) raising the noise floor, significant squeezing is achieved, demonstrating robust generation
of mechanical squeezed states via optomechanical interaction. FIGS. 5 and 6 show the mechanical
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Figure 4: Plots of [Eq. (25)] versus g/ for v = 0.1, k = 0.8, ¢ = 0.35 n = 0.01, and x = 0.15

EPR variance AY;,;Q versus g/v (n = 0.01). Fig. 5 examines Kerr nonlinearity y: larger x produces
deeper squeezing minima by enhancing inter-mode correlations. Fig. 6 examines drive amplitude :
larger € yields deeper squeezing by increasing intracavity photon number and cross-Kerr interaction;
no squeezing occurs for € = 0. Both curves saturate at high coupling. Thus, x and ¢ are key control
parameters for generating and enhancing mechanical squeezing.

For a hybrid optomechanical system consisting of an optical mode a; and a mechanical mode lA)k,
the EPR-type joint quadratures are defined as

~ X; — Qx

Ujp = L %% ,

Jk \/i

~ p—i—ﬂk

Vip = —L—=, 29
Jk \/i ( )

where (X, Pj) are the optical quadratures and (Q,II;) the mechanical quadratures. Their vari-
ances for a hybrid optomechanical system are given compactly by

E NN N AES B S €3) _

_ %[(aj +a)) F (bkin)]2>. (30)

FIG. 7 displays the hybrid EPR variances A(*) (blue, U quadrature) and A(-) (red dashed,
V quadrature) versus g/v (n = 0.01). Both start above the SQL due to thermal noise. As
coupling increases, cross-correlation Z grows, causing A(T) to drop below the SQL (squeezing)
while A(5) rises (anti-squeezing). The minimum A x 0.45 occurs at g/ ~ 1.8 (10% squeezing
below vacuum). Displacement terms add noise to the anti-squeezed quadrature, preserving the
uncertainty relation. Thus, the hybrid system generates two-mode squeezing in the difference
quadrature, with mechanical thermal noise limiting the depth. FIGS. 8 and 9 show the hybrid
U-quadrature variance A(H) versus g/v. Fig. 8 examines Kerr nonlinearity x: larger x produces
deeper minima by enhancing inter-mode correlations. Fig. 9 examines drive amplitude e: larger
¢ yields deeper squeezing by increasing intracavity photon number and cross-Kerr interaction; for
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Figure 5: Plots of AYJ.JIQ2 versus g/v for vy = 0.1, k = 0.8, ¢ = 0.35, and for different y values

€ = 0, no squeezing occurs. Both curves saturate at high coupling. Thus, x and ¢ are key control
parameters for generating and tuning hybrid optomechanical squeezing.

4 Two-Mode Output Squeezing Spectrum

For a multimode optomechanical system with squeezed optical inputs and thermal mechanical
baths, the two-mode squeezing spectrum quantifies quantum noise reduction between output modes
via the rotated output quadrature QU () = X" cos 0+ X" sin 6 [1,6,16,49], where the total
variance of the combined quadrature difference or sum follows from the cross-spectral density:

Stvs(w) = ([QF" (6, w) £ QR*(¢',w)])
=1 + 1+ 2SQ§_)thzut (9, HI,CL))7 (31)

where the symmetrized cross-spectrum is:
SQ?thzut (0, 0,, UJ) = %<Q?Ut(0, W)Q%Ut(el, —UJ) + HC> (32)

For optical modes j and k, using rotated output quadratures Qo™ (6) = X;5°" cos 6 4+ X, """

the two-mode output squeezing spectrum is given by

sin 6,

SQ;thzut (0, 9,, (/J) = ik I] (9, 0/)
+ v RjKEg 7}k‘(97‘9/7w)7 (33)
where Z;(0,0") encodes initial squeezing from independent squeezed vacua:
Z;(0,0") = cos 0 cos Q’S; + sin ' sin Q’Sj_
+3sin(0+0)(C +C; ), (34)

with single-mode squeezing parameters Sf = cosh 2r; F sinh 27 cos 2¢;, C’]T"_ = —sinh 27 sin 2¢;,
C’j_ T = CJTF_*. The Kronecker delta d;;, reflects the absence of initial correlations between different
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Figure 6: Plots of AY].JIEZ versus g/v for vy = 0.1, k = 0.8, x = 0.15, and for different e values

input ports. The dynamical term 7, (6,6, w) captures optomechanically generated correlations:

Tir(0,6',w) = cos B cos ' X (w) + sinOsin ' X, (w)
+ cos 6 sin H'Cﬁ_ (w) + sin 6 cos «9'C’j_k+ (w), (35)

with C;?f(w) from Eq. (5). FIG. 10 shows the optical two-mode squeezing spectrum S;};t(w)
versus g/7v. Three regimes appear relative to SQL (S = 0): near SQL for g/v < 0.5; a minimum
below SQL at intermediate coupling, reaching —3.26 dB (Syin ~ 0.472) at g/ ~ 2.71; and a
rise at larger coupling. This non-monotonic behavior reflects competition between parametric
amplification and dissipation, with Kerr nonlinearity (x = 0.15) modifying the optimal coupling and
squeezing depth. These results demonstrate controlled generation of two-mode optical squeezing
in driven Kerr optomechanical systems.

The mechanical two-mode squeezing spectrum for output quadratures Q9™ (0) = Y, "°™ cos 6 +
Y ®" sin @ (with Y+ denoting mechanical position/momentum) is

SQ(]qth%ut (0, 617 (A)) = jk<2ﬁj + 1) COS(& — 0/)
+ vV YiVk Mjk(070/7w)7 (36)

where the first term represents mechanical thermal noise (72;: thermal occupation) and the second
captures optomechanically induced correlations. The correlation tensor

M (0,6",w) = cos b cos 9'}/;]; (w) + sin f sin 9'Yj; (w)
+ cos 6 sin H'Djk_ (w) + sin @ cos H'Dj_k+ (w), (37)
with Dﬁf (w) from Eq. (7). FIG. 11 displays the mechanical two-mode squeezing spectrum S3;™ (w)
versus g/v. Three regimes appear relative to SQL (S = 0): thermal noise dominates for g/ < 1.5;
squeezing emerges for 1.5 < ¢g/v < 3.0, reaching a minimum of —2.3 dB (Spin =~ 0.589) at g/~ ~ 3.0;

beyond this, backaction raises the spectrum. The shallower minimum compared to optical systems
highlights the challenge of achieving deep mechanical squeezing with thermal noise (7 = 0.01).
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Figure 7: Plots of [Eq. (30)] versus g/ for v = 0.1, k = 0.8, ¢ = 0.35, and x = 0.15

These results demonstrate controlled generation of mechanical two-mode squeezing in driven Kerr
optomechanical systems.

For the correlations between an optical output mode j with angle 6, and a mechanical output mode
k, with angle 6,,,, the optomechanical spectrum can take the form:

SQ?,‘?QE‘,% (0o, Om,w) = \/KiTk [cos 0, cos O, Z]TZ
+ sin 0, sin 6,, Zj_k
+ cos 8, sin 0,, ij_

+ sin 6, cos 6y, G;,:r} , (38)

with Gﬁf (w) from Eq. (8). FIG. 12 displays the hybrid squeezing spectrum S?,Zb(w) versus g/vy
for k = 0.8, v = 0.1, e = 0.35, x = 0.15, and n = 0.01. Three regimes appear relative to the
vacuum limit (S = 0.5): for g/v < 0.5, the spectrum remains near the thermal limit; in the
intermediate regime 0.5 < ¢g/v < 2.3, radiation-pressure correlations generate squeezing, reaching
a minimum of ~ 0.058 (10% below vacuum) at g/ =~ 2.4; beyond this, the spectrum rises due
to quantum backaction and normal-mode splitting. The Kerr nonlinearity (x = 0.15) enhances
correlations and shifts the optimal coupling. These results demonstrate controlled generation of
hybrid optomechanical squeezing.

5 Two-Mode Entanglement Condition

5.1 Entanglement Verification via Logarithmic Negativity

Following the formalism of Gaussian quantum information [53—(0], entanglement in a multimode
optomechanical system with squeezed optical inputs and thermal mechanical baths is quantified
by the smallest symplectic eigenvalue v_ of the partially transposed covariance matrix, with en-
tanglement present when v_ < 1/2. For two optical modes j and k, the Gaussian state is fully
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Figure 8: Plots of A(T) versus g/vy for v = 0.1, Kk = 0.8, ¢ = 0.35, 7 = 0.01, and for different y
values

characterized by the covariance matrix V;z in the quadrature basis (&, pj, &k, P ):

w (A C
Vik = <cT B)’ (39)

where the matrix elements Aq1, Ago, Bi1, Bog, Ci1, Co, Cio, Coy are expressed in terms of
inj and Xﬁ, as defined in Eqs. (15)-(21). The Entanglement between the modes is quantified by
the logarithmic negativity E3F, derived from the symplectic spectrum of the partially transposed
covariance matrix. The smallest symplectic eigenvalue, 7, is

A JA? _4det vV
- d

3 , (40)
with invariants
A% =det A + det B — 2det C,
det V2 = det(A) det(B — CTA™'C). (41)
The logarithmic negativity is then
E¥ = max(0, — log(20_)). (42)

The state is entangled if and only if EJf > 0. FIG. 13 displays the optical logarithmic negativity
EY versus g/v. For g/v < 0.3, EJY = 0 (separable). Entanglement emerges at higher coupling,
peaking at E ~ 1.686 bits near g/ =~ 0.85, then gradually declines. The entangled region spans
0.3 < g/v < 1.30. Finite thermal noise (7 = 0.01) and Kerr nonlinearity (x = 0.15) influence
the bandwidth and peak magnitude, reflecting the trade-off between parametric amplification and
decoherence. Thus, optical entanglement is optimized at moderate coupling, providing design
guidelines for quantum information applications.
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+)

Figure 9: Plots of A(f) versus g/vy for v = 0.1, Kk = 0.8, n = 0.01, x = 0.15, and for different ¢
values

The covariance matrix for two mechanical modes j and k in the quadrature basis ( z;, pz’, iz, ﬁ,l;)

is constructed from the 2 x 2 blocks A, B, and C as:

e

where the matrix elements A11, AQQ, Alg = A21, B117 B22, Blg = Bgl, CH, 022, Clg, CQl are
expressed in terms of YjE and Yﬁ;, as defined in Egs. (26)-(28). The smallest symplectic eigenvalue
™ of its partial transpose

Amm —[(Amm)2 — 4ot v

where A = det A" 4+ det B™™ — 2det C™". The two mechanical modes are entangled if:
EJ™ = max(0, —logy(20™)) > 0. FIG. 14 displays the mechanical logarithmic negativity E{™
versus g/v. For g/v < 0.08, EX™ = 0 (separable). Entanglement emerges at higher coupling,
peaking at E™ ~ 3.35 bits near g/ ~ 0.363, then declines and vanishes beyond g/v ~ 0.37. The
entangled region spans 0.08 < g/ < 0.37. Finite thermal noise (7 = 0.01) limits the maximum
entanglement, while Kerr nonlinearity (x = 0.15) shifts the optimal coupling. Thus, mechanical
entanglement is optimized at moderate coupling and is sensitive to thermal fluctuations, providing
design guidelines for quantum memory and transduction applications.

The covariance matrix describing an optical mode a; and a mechanical mode by in the quadrature

b b
om A C
gk = (CT B) ’ (45)

basis £7" = (& ],p],xk,pk)
with the matrix elements A1, Ago, A1s, B11, Bag, B1g, Cq1, Cog, Cqg, Coy are expressed in terms of

the quadrature moments X;;, Yki, and ZjE (defined in Egs. (15)-(21), (26)-(28)). The entanglement
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Figure 10: Plots of [Eq. (33)] versus normalized optomechanical coupling g/~ for a dual-cavity
optomechanical system with fixed parameters x = 0.8, v = 0.1, ¢ = 0.35, x = 0.15, » = 0.01, and
evaluated in amplitude quadratures (6, = 60,,, = 0)
between optical and mechanical modes is then quantified by the logarithmic negativity:

7 = max(0, —log, (207™)), (46)

with the smallest symplectic eigenvalue

Aom — \[(Aom)2 — 4 det Vo
o V(@om) |
2
A°™ = det A + det B — 2det C. (47)

The condition for hybrid entanglement is v°" < %, & EY" > 0. FIG. 15 displays the hybrid
logarithmic negativity E{™ versus g/v. For g/ < 1.255, EJ™ = 0 (separable). Entanglement
emerges at higher coupling, peaking at E{™ ~ 3.60 bits near g/v ~ 1.33, then gradually declines.
The entangled region spans 1.255 < ¢g/v < 1.445. Finite thermal noise (7 = 0.01) limits the
maximum entanglement, while Kerr nonlinearity (x = 0.15) shifts the optimal coupling. Thus,
hybrid optomechanical entanglement is optimized at moderate coupling and is sensitive to both
thermal fluctuations and nonlinear effects, providing design guidelines for quantum memory and
transduction applications.

6  Quantification of Two-Mode Quantum Steering

For a continuous-variable Gaussian state of two optical modes described by the covariance matrix
V?Z in Eq. (39), the condition for steering from mode j to mode k via Gaussian measurements is
the violation of the Reid inequality [38], which is equivalent to:

1
D = det (B - CTA—lc) <7 (48)

The degree of Gaussian steering from mode j to mode k is quantified by

g% = max [o, —% log, (4det (B - CTA_10>>] . (49)
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Figure 11: Plots of [Eq. (36)] versus normalized optomechanical coupling g/v for a dual-cavity
optomechanical system with fixed parameters k = 0.8, v = 0.1, ¢ = 0.35, x = 0.15, and near-
ground-state thermal occupation n = 0.01

The reverse steerability G¥7J follows by exchanging A and B. A positive G77% > 0 certifies
asymmetric steering: Gaussian measurements on mode j remotely prepare a nonclassical state
in mode k. The Schur complement B — CTA™IC is the conditional covariance of mode k after
optimal measurement on mode j, and G quantifies the reduction of conditional variance below the
vacuum limit. FIGS. 16 shows the conditional covariance determinant D°? and steering quantifier
GI7F versus g/v. For g/ < 0.85, D°° > 0.25 and G = 0 (no steering). As coupling increases,
D°P drops below threshold, reaching minimum Dy, ~ 0.1015 at g/v =~ 1.50, while G peaks at
~ 0.650 bits, following G = —%log2(4D). The steering region spans 0.85 < g/ < 1.50. Kerr
nonlinearity (x = 0.15) shifts the threshold and peak positions. Thus, optical steering is optimized
at moderate coupling, providing guidelines for asymmetric quantum protocols like one-way quantum
communication and secure key distribution.

Mechanical steering between modes j and k follows the optical formalism, with the covariance
matrix V7 (Eq. (43)) in the quadrature basis (&, p;, Zx, Pr). Mode j steers mode k via Gaussian
measurements when the Reid criterion is violated:

det <Bm - CTT,LA;llCm) < i. (50)

The Schur complement B,,, — CT A, 1C,, represents the conditional covariance of mode k after
optimal measurement on mode j. The Gaussian steering quantifier from mechanical mode j to k
is:

GIF — max [0, —% log, (4 det (Bm - C;A;blcm))] ) (51)

FIG. 17 displays the mechanical steering determinant D™ (blue) and quantifier G, " (red) versus

g/v. For g/v < 0.9, D™ > 0.25 and G,,, = 0 (no steering). As coupling increases, D™ drops
below threshold, reaching minimum Dy, ~ 0.18 at g/v ~ 1.5, while G,, peaks at ~ 0.32 bits.
The steering region spans 0.9 < g/v < 1.5. Nonzero detuning weakens the interaction, shifting
optimal coupling higher and reducing maximum steering, with Kerr nonlinearity and optical-spring
broadening enhancing the high-coupling roll-off. This illustrates the trade-off between coupling
strength, detuning, and decoherence in dissipatively coupled Gaussian systems.
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Figure 12: Plots of [Eq. (38)] versus normalized optomechanical coupling g/ for a dual-cavity
optomechanical system with fixed parameters k = 0.8, v = 0.1, ¢ = 0.35, x = 0.15, and near-
ground-state thermal occupation n = 0.01
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Figure 13: Plots of Eq. (42) versus normalized optomechanical coupling g/~ for k = 0.8,y = 0.1,
€ =0.35, and x = 0.15

The bipartite system is described by the covariance matrix in Eq. (45). The optical-to-mechanical
steering (a; — by) is certified by violation of the Gaussian Reid criterion:

1
det (Bm . XTAglx) <7 (52)
The quantity B,, — XTA;!X is the Schur complement representing the conditional mechanical
covariance after an optimal Gaussian measurement on the optical mode [38,63]. The Gaussian

steering from the optical mode to the mechanical mode is quantified as
1
Go~™ = max [0, — log; (4 det <Bm - XTAglx))] . (53)

FIG. 18 displays the hybrid steering determinant D°™ (blue) and quantifier G°7™ (red) versus
g/v. For g/v < 1.4, D°™ > 0.25 and G°7™ = 0 (no steering). As coupling increases, D°™ drops
below threshold, reaching minimum Dy, ~ 0.12 at g/v ~ 2.45, while G°7™ peaks at ~ 0.5 bits.
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Figure 14: Plots of E™ versus normalized optomechanical coupling g/v for k = 0.8, v = 0.1,
e =0.35, n =0.01, and x =0.15

Figure 15: Plots of E{/ versus normalized optomechanical coupling g/v for k = 0.8, v = 0.1,
e =0.35, and x = 0.15

The steering region spans 1.4 < g/v < 2.45. Nonzero detuning weakens the interaction, shifting
optimal coupling higher and reducing maximum steering. This one-way EPR steering demonstrates
asymmetric optical control of mechanical states, providing a resource for quantum communication

and remote state preparation.

7  Quantification of Two-Mode Gaussian Quantum Discord

Quantum discord quantifies non-classical correlations beyond entanglement [61-63]. For Gaussian
states, in a closed-form expression exists for two-mode covariance matrix in in Eq. (45), the Gaussian
quantum discord from mode o to mode m and in reverse direction are defined as:

Do = (1) — S(d_) — S(dy) + S(viyy), (54)
Dinso = S(vj) — S(d-) — S(ds) + S(vjpe). (55)
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Figure 16: Plots of D°? and G/™* versus normalized optomechanical coupling g/ for x = 0.8,
v=0.1, e =0.35, and x = 0.15
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Figure 17: Plots of D™™, and Gi7* versus normalized optomechanical coupling g/~ for k = 0.8,
v=0.1,¢=0.35n=0.01, A=1and x =0.15

where
S(v;) = VdetA, S(v,) = Vdet B,
S(dy) = \/A = W,
S(vy) = 1/det (B — CTA-1C),
S(wjk) = \/det (A — CTB-1C), (56)
with

A =det A+ detB+2detC,
det V =det A -det(B— CTA™'C). (57)
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Figure 18: Plots of D™, and G°~™ versus normalized optomechanical coupling g/~ for k = 0.8,
~v=0.1, e =0.35, x =0.15, o = 0.01, and A = 0.5

and S(v) = ”TH log, VT‘H — ”T_l log, %1 is the von Neumann entropy of a single-mode Gaussian

state. FIG. 19 displays the Gaussian quantum discord Dy, and Dy, versus g/v. Doy, rises
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Figure 19: Plots of [Egs. (54), and (55)] versus normalized optomechanical coupling g/ for k = 0.8,
~=0.1, ¢=0.35, x = 0.15, and 7 = 0.01

from ~ 0.4 to ~ 1.15 bits for g/~ 2 1, while D,,,, remains zero throughout. This asymmetry
arises because the optical mode is fast and near its ground state, whereas the mechanical mode is
slow and thermally occupied (7 = 0.01), preventing mechanical measurements from reducing the
optical conditional variance below vacuum. This directionality mirrors one-way optomechanical
steering, establishing that Gaussian discord in hybrid systems is inherently directional and reflects
asymmetric quantum information capabilities.

This formalism applies universally to any two-mode bosonic system-optical-optical or mechanical-
mechanical-since all such modes obey canonical commutation relations and are fully characterized
by a quadrature-basis covariance matrix. Consequently, the Gaussian quantum discord for two
optical modes j and k follows the same structure, with covariance matrix V;’E (Eq. (39)). FIG. 20
displays the Gaussian quantum discord Dj_, (blue) and Dj_,; (red) versus g/v. Both discords
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Figure 20: Plots of D°P(bits) versus normalized optomechanical coupling g/~ for k = 0.8, v = 0.1,
€ =0.35, and xy = 0.15

rise from zero to a maximum ~ 0.04 bits near g/ ~ 0.6, then decline, reflecting the symmetry
of identical optical modes. Discord is non-zero for any g > 0 since any cross-correlation (C # 0)
generates quantum correlations beyond entanglement. The maximum occurs at moderate coupling
where radiation-pressure correlations are strongest before dissipation dominates. Thus, Gaussian
discord captures quantum correlations in symmetric systems, with peak position and magnitude
tunable via system parameters.

The Gaussian quantum discord for two mechanical modes j and k is derived from the covariance
matrix V;r,’;m together with the block-partitions in Eq. (43). FIG. 21 displays the Gaussian quantum
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Figure 21: Plots of D™ (bits) versus normalized optomechanical coupling g/ for k = 0.8, v = 0.1,
n=20.01, e =0.35, and x = 0.15

discord Dj_,, (blue) and Dj_,; (red) versus g/~ for two identical mechanical modes. Both discords
rise to a maximum =~ 0.11 bits near g/ ~ 0.3, then decline. Asymmetry D;_,;, # Dj_,; arises
from non-reciprocal radiation-pressure interaction (Cia # Ca1). Discord activates at g/ 2 0.3;
below this, thermal fluctuations (7 = 1.0) dominate, limiting the maximum discord and shifting
optimal coupling lower. Thus, Gaussian discord captures both quantum correlation buildup and
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directionality from asymmetric coupling, providing a probe of non-reciprocal quantum dynamics.

8 Conclusion

This work establishes design principles for two-mode squeezing, entanglement, steering, and discord
in driven optomechanical systems. Optical squeezing reaches 15% below SQL (AX? = 0.703)
at g/v =~ 0.85, mechanical squeezing ~ 0.5 dB at g/~ =~ 3.0, and hybrid squeezing 10% below
vacuum at g/ ~ 1.8. Logarithmic negativity peaks at EY =~ 1.53 (¢g/v ~ 0.85), ER™ ~ 1.50
(9/7 = 0.35), and E{™ ~ 0.40 (g/v ~ 1.3). Output squeezing spectra achieve —3.26 dB (optical,
g/ =~ 2.71), —2.3 dB (mechanical, g/vy =~ 3.0), and ~ 0.058 (hybrid, g/v ~ 2.4). Quantum
steering maxima are gfgf ~ 0.64 bits (optical), ,j,l_}k ~ 0.35 bits (mechanical), and one-way
G7™ & 0.15 bits (hybrid). Gaussian discord saturates at ~ 0.04 bits (optical), exhibits asymmetry
Dj_, # Dy—,; (mechanical), and shows directionality D,—y, =~ 0.15 bits, Dy, = 0 (hybrid).
Optimal operational regions are g/v ~ 0.85 & 0.2 (optical-optical), g/ ~ 1.3 £ 0.2 (hybrid), and
g/7 =~ 0.35 (mechanical-mechanical). Future directions include time-dependent driving, multi-
mode networks, non-Gaussian states, integrated implementations, and feedback protocols. This
framework guides quantum correlations in next-generation hybrid quantum technologies.
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