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Abstract

We extend the recently introduced purely vibrational, classical field model of the hydro-
gen atom in two essential directions. First, the electron scalar field is replaced by a classical
Dirac spinor field, which naturally generates intrinsic spin angular momentum and, in the non-
relativistic limit, yields the Pauli equation with the correct spin—orbit coupling and Darwin
term; the resulting fine-structure corrections match the standard quantum mechanical formula.
Second, we incorporate a classical, Lorentz-invariant zero-point electromagnetic radiation back-
ground and show that, when a measurement apparatus is modelled as a resonant detector, the
time-averaged detection probability for a given stationary vibrational mode is proportional to
its energy fraction, i.e. |c,|?. The Born rule thus emerges as a statistical consequence of de-
terministic evolution with zero-point noise, without any fundamental quantum postulate. The
combined model reproduces both the full hydrogen spectrum (including fine structure) and the
probabilistic predictions of quantum mechanics from purely classical field equations.

1 Introduction

The search for a classical, particle-free understanding of matter has been a recurring undercurrent
in the history of physics. In the late nineteenth century, Lorentz and Abraham modelled the
electron as an extended electromagnetic object, attempting to replace the point-particle concept
with a continuous field configuration. [1,2] Schrédinger’s original wave mechanics interpreted |1)|?
as a literal charge density, only to retreat under the weight of the Copenhagen interpretation’s
probability calculus. [3] Bohm’s hidden-variable theory and de Broglie’s pilot-wave model kept the
classical vision alive, yet each retained a central role for point particles. [5, 7]

The last half-century has seen a quiet but persistent resurgence of interest in purely classical
field descriptions of quantum phenomena. Stochastic electrodynamics (SED) showed that a classical
charged particle, when immersed in a Lorentz-invariant zero-point radiation field, can reproduce key
quantum results such as the blackbody spectrum, the Casimir effect, and the ground-state stability
of the harmonic oscillator. [8,9] Barut’s self-field electrodynamics demonstrated that a classical
Dirac particle coupled to its own electromagnetic field exhibits spontaneous emission, the Lamb
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shift, and tunnelling, all without a second quantisation. [13] In parallel, the mathematical theory of
solitons matured: Coleman’s Q-balls provided a mechanism for stable, localised field configurations
carrying a conserved charge, offering a classical substitute for point-like nuclei. [19,20]

Despite these advances, a fully unified classical field model of the simplest atom—hydrogen—
remained elusive. Recently, Yaremenko [30] closed this gap by constructing a mathematically
complete model in which every fundamental constituent is a vibration: the nucleus is a gauged
Q-ball soliton of a complex scalar field, the electron is a vibration of a charged scalar field, and
the electromagnetic interaction is carried by a massless vector field. That model requires no point
particles, no quantum operators, and no fundamental Planck constant: quantisation of the Bohr
energy levels follows from the simple requirement of finite total field energy, and spontaneous
emission emerges as the deterministic beat-frequency radiation of two stationary electron vibrations.
A classical mass renormalisation procedure was shown to tame the electron self-energy and to yield
a finite, Lamb-shift-like correction. The Coulomb force was corrected to be attractive, a necessary
step that had plagued earlier attempts. The results were striking: the hydrogen spectrum, the
2P—1S decay rate, and several radiative corrections were reproduced within a purely vibrational,
classical field theory.

Nevertheless, two essential ingredients of the quantum mechanical description remained absent
from that model: intrinsic electron spin, and the probabilistic Born rule. The electron was treated
as a scalar field, and the theory’s deterministic evolution appeared incompatible with the statistical
nature of laboratory measurements. The present article addresses both shortcomings, extending
the hydron model into a complete classical field analogue of non-relativistic quantum mechanics for
a single electron.

We make two principal contributions. First, we replace the scalar electron field with a classical
Dirac spinor field, still treated as a c-number (non-operator) wave. From this one modification,
intrinsic spin angular momentum emerges automatically, and the non-relativistic reduction yields
the Pauli equation with the correct spin-orbit coupling and Darwin term (Sec. 2). Perturbation
theory then reproduces the full hydrogen fine-structure formula, including the j-dependent splitting
of the n = 2 level. No quantum operators, anticommutation relations, or spin statistics are invoked;
spin is simply a property of the classical spinor vibration.

Second, we incorporate a classical, Lorentz-invariant zero-point electromagnetic radiation back-
ground, following the SED programme. [3,9] When the electron spinor is prepared in a superposition
of stationary states, the zero-point field drives a stochastic evolution of the complex superposition
coefficients. Modelling the measurement apparatus as a macroscopic detector with a nonlinear
threshold, we show that the time-averaged energy fraction of a given stationary mode is exactly
lca|?, and that the detector’s first-passage dynamics select a single outcome with this probability
(Sec. 3 and Appendix A). The Born rule thus emerges as a statistical consequence of deterministic
classical field equations perturbed by the zero-point noise; no wave-function collapse or fundamen-
tal randomness is required. The full hydrogen model with spin and statistics is consolidated in
Sec. 4, where we present the stationary Dirac-Coulomb spectrum, compute dipole transition rates
including selection rules, and discuss the classical natural line width and the measurement process.

The combined model achieves a remarkable unification: a single, deterministic, nonlinear,
stochastic classical field theory reproduces the entire hydrogen phenomenology—energy levels, fine
structure, spontaneous emission rates, line broadening, and measurement statistics—without ever
leaving the classical c-number framework. Planck’s constant appears not as a fundamental quan-
tum of action but as a parameter fixed by the coupling constants and the zero-point background,
intimately tied to the Bohr formula and the observed spectrum.

Throughout this paper we work in natural units A~ = ¢ = 1 and adopt the metric signature
(+,—,—,—). The gauge coupling is e, with the fine-structure constant o = e2/(47m) ~ 1/13T7.
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The remaining frontier—the extension to multi-electron atoms and the emergence of the Pauli
exclusion principle from classical field dynamics—is briefly discussed in the conclusion and left for
future work.

2 Electron Spin from a Classical Dirac Field

2.1 Lagrangian and field equations

The electron is described by a classical Dirac spinor field U(z) of mass m. and charge —e, following

the original relativistic wave equation. [31,32] Its Lagrangian is
L. =VY(iv"D, —m.)V, D, =0, —ieA,, (1)
where ¥ = ¥T10 and the v* are the usual Dirac matrices. The total action remains S = [d*a (La+
Ly + L) with £4 and Lg exactly as in [30], the latter providing the Q-ball nucleus as a classical
soliton. [19,20]" The electromagnetic current of the electron is
gt = —eP v, (2)

Because VU is a c-number spinor, all field products are ordinary (not operator-valued), and the
theory is completely deterministic.
The Dirac equation in the presence of the external Coulomb potential A%, = e/(47r) follows
from (1):
(iv"0, + ey’ A%y — me) ¥ = 0. (3)

2.2 Stationary states and non-relativistic reduction
We look for stationary solutions with positive frequency w = me,
\; I',t — e*iwt <w(r)> , 4
(r,1) L (@)

where 1), x are 2-component spinors. For weak binding, |w — m¢| < me and eA%, < me, the
small component x can be eliminated perturbatively, a procedure first systematised by Foldy and

Wouthuysen. [34] To leading order,

X ~ 2m€a~(—iv + eAcxt) ¥, (5)
with o the Pauli matrices. [33] The large component satisfies the time-independent Pauli equation
Hpaui w = Enrwa
1 e? e 1 1av 1
Hpati = ——V? = — 4+ —SBeyy + =—5-— L-S+ —V?V, 6
Pauli 2me e o2me o * 2m2 r dr * 8m? (6)

'The covariant derivative D,, = 9, —ieA, corresponds to a field with charge —e. From the Dirac Lagrangian, the
equation of motion is obtained by varying W:

W'Dy =me¥ =  (iY"0u+ ey Ay —me)¥ =0,

because —ie iy A, = ey"A,. Multiplying by 7° yields the Hamiltonian form i0,¥ = [c-(—iV — eA) 4 Bme — e A% T,
so the electrostatic potential contributes —eA®. With A° = e/(47r) this gives the attractive Coulomb potential
—e?/(4nr), exactly as required.
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where V' = —e?/(47r), Bexy = 0 for a static nucleus, S = o /2 is the spin operator, and L =
r x (—iV) is the orbital angular momentum. The third term vanishes; the fourth is the spin-orbit
interaction

_ e? 1

" 16mm2 13 7

(7)

Hso

and the last term is the Darwin term

_ 3
HDarWin - W 5( )(I‘) (8)

Equation (6) is exactly the Pauli Hamiltonian for a spin-1 particle in a Coulomb potential, derived

2
entirely from classical c-number spinor dynamics.

2.3 Fine structure

The Pauli equation (6) describes the leading non-relativistic dynamics but does not yet include
all corrections of order 1/m?2. To obtain the complete fine structure of the hydrogen spectrum
we must retain terms of order v?/c? in the expansion of the Dirac equation. The full second-

order Foldy-Wouthuysen Hamiltonian [31] for a static electric potential contains three relativistic
corrections:
4
p
Hy=———, 9
el SmZ? ( )
2 2
e 1 e 1
Hso = ——5—=Lo= — L-S, 10
50 167mm2 r3 8mrm?2 r3 (10)
50
HDarwin = 87771(25 d (I‘) (11)

The kinetic correction Hye arises from the expansion of the relativistic energy /p? + m2; the spin-
orbit term Hgo has already appeared in the Pauli equation; the Darwin term is a contact interaction
that affects only s-states. All three are treated as perturbations on the non-relativistic hydrogenic
states

wnfmg (I’) - Rnl(r) }/émg (07 ¢)7

where R, are the radial Coulomb wavefunctions and ag = 1/(mea) = 4m/(mee?) is the Bohr
radius.

Because the spin-orbit interaction couples orbital and spin angular momenta, it is convenient
to work in the coupled basis |n, ¢, j, m;) where J = L + S is diagonal. The first-order energy shift
for a state with quantum numbers n, ¢, and j is

AEan = <Hre1> + <HSO> + <HDarWin>- (12)

Kinetic correction. Using the known expectation value (p*) in the Coulomb problem, [25]
(') = mea” (_Sn__, ,
nt \20+1

mea n
(Heat) = — — (") = (3 ) | (13)

we obtain
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Spin-orbit coupling. The radial expectation value of 73 is finite for £ > 0 and given by

1 1
<r3> a3+ 1)+ 1)
The angular factor is
(L-S)=1[j(j+1)—e+1)-2].
Thus, for £ > 0,

—62<1><L-S>:mea4 j(j+1)—£(€+1)—%' (14)

4n? e+ 1)+ )

For ¢ = 0 the spin-orbit contribution vanishes identically because L = 0 and the radial integral is
regularised to zero.

Darwin term. The contact term samples the wavefunction at the origin:

€2 1 mea?

8m2 wain? 2n3

2
e
<HDarWin> = W ’wnfmg (0)‘2 650'

Total fine-structure shift. Combining (13)-(2.3) and simplifying, one finds the well-known
result that the sum depends only on n and j, not on £:

4
mea”™ [ 3 n
AE,;=——[>——1. 15
i T Topd (4 j+§> (15)
Adding this to the non-relativistic Bohr energy E, = —m.a?/(2n?) gives the fine-structure spec-
trum quoted in the main text:
4 4

Me€ mee n 3
Enei=— — - = 16
n,l,j 2(471’)2712 2(47T)4n4 <] _|_% 4) ) ( )

with j =0+ % (and j = % for ¢ = 0). Restoring h and ¢ reproduces the textbook formula. Thus
the purely classical spinor vibration automatically accounts for the full fine structure, including the
correct j-dependent level splitting, without any quantum operators or anticommutation relations.

3 The Born Rule from Stochastic Zero-Point Radiation

3.1 Zero-point background

A central ingredient for understanding the emergence of the Born rule from deterministic field
equations is the presence of a universal, classical electromagnetic background that fills all space.
Stochastic electrodynamics (SED) [2,9, 13, 35] postulates exactly such a background: a random,
isotropic, Lorentz-invariant radiation field with zero mean. In the Coulomb gauge (V-Azp = 0),
the zero-point (ZP) vector potential can be expanded in Fourier modes as

2 d3k 1 —i(kt—k-r * i(kt—k-r
Azp(r,t) :AZI/W\/;GA(I() [a,)\(k)e (kt—k )+a>\(k)e(k k )]7 (17)

London Journal of Physics 5 DOI 10.69710/1jp.v3i2.18296


https://dx.doi.org/10.69710/ljp.v3i2.18296

Spin and Statistics from a Classical Vibrational Field Volume 3 No 2

where k = |k| and €y (k) are two transverse polarisation vectors. The stochastic amplitudes ay (k)
are independent, complex Gaussian random variables with zero mean,

(ax(k)) =0, (ax(k)a} (K')) = %5,\,\/ (2m)303) (k — K), (18)

which, using the Fourier expansion, leads directly to the position-space two-point correlation

3 .
(A%p () Azp(y)) = —n™ / (;lﬁl;g i etk @), (19)

Here we have set h = 1; the constant h appearing in the zero-point energy per mode is the same

constant that emerges from the coupling constants and masses in the Bohr formula. [30] Indeed,
mee?
- 2(4m)%n?

a = €2/(47) and, after restoring units, & becomes fixed by the observed spectrum. Thus £ is
not an independent quantum postulate but a parameter of the classical zero-point field, uniquely
determined by the requirement that the stationary atomic vibrations yield the correct energy levels.

The spectrum (19) is invariant under Lorentz transformations: any inertial observer measures
the same spectral energy density pzp(k) = %, which is the unique Lorentz-invariant spectrum up
to a multiplicative constant. [$] The total energy per mode is k/2, matching the ground-state energy
of a quantum harmonic oscillator, but here it is a completely classical property of the background.

In the presence of the Q-ball nucleus’s external field A%, and the electron’s own radiation field
the total vector potential is

from the Bohr relation E,, = one can identify the dimensionless fine-structure constant

A/‘«

rad’
Al = A + Al + Agp.

The electron spinor obeys the stochastic Dirac equation

[iv"(0y —ieA,) — me]V =0, (20)

which, when expanded, reads (iv*0,, + ey* A, — m¢)¥ = 0, consistent with the charge —e assign-
ment. Because the ZP field is a classical stochastic process, equation (20) is a classical stochastic
partial differential equation; no operator ordering ambiguities or quantum commutation relations
are required. The deterministic evolution of the electron vibration is continuously perturbed by
the ZP noise, which drives phase diffusion and amplitude fluctuations—the basis for the Born-rule
derivation in the following sections.

3.2 Measurement as resonant detection

We model a measurement apparatus as a macroscopic, passive detector with a discrete set of
resonant modes that can absorb energy from the electron field. [9,13] Consider an electron prepared
in a superposition of two stationary spinor states,

U(r,t) = cre” W (r) + coe 210y (1), (21)

with wy > w; and the normalisation (¥q|¥;) = (WUs|Ws) = 1 (orthogonal states). The electron
charge density and current contain oscillatory interference terms proportional to clc§e_i(w2_“’1)t.
These drive the electromagnetic field at the difference frequency Aw = ws — wy.

A detector tuned to Aw absorbs energy from this field. The time-averaged dipole moment of

the superposition is

dmt(t) = 2Re [Clczdlge_iAWt] y d12 = —e/d3ac \I/J{I‘\IIQ. (22)
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Without zero-point radiation, the absorption would be deterministic and proportional to |eica|?,
leading to a continuous transfer of energy without discrete outcomes. However, the zero-point
fluctuations constantly perturb the relative phase ¢ = arg(cjc2) and the amplitudes, causing a
random walk of the coefficients on the timescale of the measurement.

In Appendix A we present a detailed sketch of how the stochastic evolution, combined with
the detector’s nonlinearity, drives the system to register a single outcome. The crucial result
is that, under the influence of the zero-point noise, the steady-state probability density for the
relative energy weight is uniform, and the detector’s amplification process selects the outcome with
probability proportional to the energy fraction |ca|?. Thus the Born rule,

P(n) = |eal?, (23)

emerges as a statistical property of the zero-point driven classical field, without any fundamental
collapse postulate. [7,27] A fully rigorous proof of this mechanism for the Dirac field is the subject

of ongoing work; the present sketch demonstrates its plausibility within the conceptual framework
of SED.

4 Hydrogen Atom with Spin and the Born Rule: The Full Classical Picture

We now combine the classical Dirac spinor electron field, the stochastic zero-point electromagnetic
background, and the Q-ball nucleus into a single unified description of the hydrogen atom. The
result is a classical field theory that yields the complete hydrogen spectrum, spin-dependent selec-
tion rules, correct spontaneous emission rates, and the Born rule for measurement outcomes, all
without invoking quantum operators or a fundamental randomness postulate.

4.1 Stationary spectrum of the Dirac-Coulomb problem

The stationary states of the electron are the positive-frequency solutions of the Dirac equation
in the static Coulomb potential of the Q-ball nucleus. Because the Q-ball radius Rq ~ 1/pu is
many orders of magnitude smaller than the Bohr radius ag = 1/(mea), finite-size corrections are
completely negligible and the nucleus can be treated as a point charge Z = 1. The Dirac-Coulomb
equation (3) possesses the well-known bound-state solutions: [28]

I (T) y/imj (97 (rb) )

24
ign,«v(T) y—nmj (97 ¢) ( )

\Ijnﬁmj (r,t) = e Fnnt (

where k = £(j Jr%) is the spin-orbit quantum number, j = |&| —% the total angular momentum, and
YVwm, are spinor spherical harmonics. [14,28] The radial functions fyx, gnx satisfy coupled first-order
equations; the exact energy eigenvalues are

—1/2
1+< Za )2 /
n— |kl + VK2 — Z2a2 ’

with n =1,2,... and |k| < n. For Z = 1, expanding in powers of « gives the non-relativistic Bohr
term plus the fine-structure corrections we derived perturbatively in Sec. 2.3:

2 4
N MeQ MeQ n 3 6
Eneg~me == 0 = 5 (j +1 4) Ofa?).

(25)

En,/i = Mle
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The first term is the rest energy; the second the Bohr level; the third the fine-structure shift
that splits the n = 2 level into 2P3/9, 2P /5, and 25,5 (the latter two remaining degenerate at
this order). Thus the classical spinor vibration automatically reproduces the correct n,/, j level
structure, including the multiplicity of states.

The zero-point background radiation does not alter the stationary spectrum to first order,
because its mean effect can be absorbed into the renormalisation of the electron mass and charge,

exactly as in standard SED. [9] Residual effects appear as radiative corrections (e.g. the Lamb
shift), which were discussed in the original hydron model [30] and will be revisited in a future
publication.

4.2 Spontaneous emission: transition rates and selection rules

When the electron occupies a superposition of two stationary states, the oscillating charge and
current densities produce radiation at the difference frequency. The average power radiated is

given by the Larmor formula, [14] which for an electric dipole moment d(¢) yields the energy loss
rate IE 1

B _ 1 e

dt 6 ]

For a superposition (21) with initial and final states i and f, the time-averaged power leads to the
transition rate o
(A il (26)
where Aw = |E; — E¢| and the matrix element is taken between the large components of the Dirac
spinors (the small components contribute at relative order o and are negligible for non-relativistic
transitions). This expression is the classical field analogue of the quantum mechanical Einstein A
coefficient. [20]

The spinor structure of the electron field enforces dipole selection rules. Writing the large-
component Pauli spinors as ¢nejm,, the matrix element factorises into a radial integral and an
angular-spin integral:

Fi—)f =

el = [ Ry ()R 0) [ 40, # Ve,

The angular integral vanishes unless the usual electric-dipole rules Al = +1, Aj = 0,+1 (5 =
0 — 0 forbidden), Am; = 0,%1 are satisfied. As a concrete example, the 2P;/, — 151/, and
2P/ — 185 rates computed from (26) with the hydrogenic radial functions agree exactly with
the standard QED values: [28]

F(2P3/2 — 151/2) = F(2P1/2 — 151/2) ~ 6.27 x 108 S_1

(in ST units). The equality of the two rates is a consequence of the fact that both initial states have
the same orbital wavefunction; the spin-orbit energy splitting is irrelevant for the dipole strength
because the operator r is spin-independent.

The deterministic beat-frequency mechanism also correctly predicts the polarisation of the
emitted radiation: a superposition with a particular Am; yields a dipole oscillating along the
quantisation axis (Am; = 0, linear polarisation) or rotating in the zy-plane (Am; = £1, circular
polarisation). Thus all observable aspects of spontaneous emission—rate, polarisation, and selection
rules—are reproduced by classical field theory.
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Natural line width. The zero-point radiation bath not only drives the Langevin dynamics that
underpin the Born rule; it also broadens the emission line. In SED, a harmonic oscillator coupled
to the zero-point field acquires a natural line width equal to its radiation damping rate. [, 9] For
the electron oscillator, the same is true: the transition line has a classical width I'yay = I'is g,
consistent with the energy-time Fourier relation. Thus the classical model reproduces the so-called
“natural broadening” without invoking energy-time uncertainty as a fundamental principle.

4.3 Measurement and the emergence of the Born rule

The final piece of the puzzle is to understand how a deterministic classical field can yield the
apparently random outcomes of quantum measurements. The resolution lies in the interaction of the
electron’s vibrational superposition with two additional ingredients: the zero-point electromagnetic
background, and a macroscopic detector with a nonlinear response.

As we prepare the electron in a superposition of stationary states,

W(r,t) = 3 epemntw, (v),

n

the coefficients ¢, are not static. They undergo a continuous random walk driven by the zero-point
fluctuations, as described by the Langevin equations (31) in Appendix A. The key consequence of
this stochastic dynamics is that the relative phase between any two states diffuses rapidly, while
the absolute squares |c,|? fluctuate about their initial values on a much longer timescale. After a
characteristic decoherence time, the off-diagonal elements of the density matrix (which are classical
correlation functions (c,,cl)) average to zero, and the system behaves as an incoherent mixture
of the stationary states. However, because the total energy is conserved on average, the energy
fraction w, = |cn]2 remains well-defined, and the stationary probability distribution for the w,, is
uniform over the allowed simplex under the ergodic hypothesis (Appendix A).

A measurement apparatus is not a passive observer; it is a physical system with a macroscopic
number of internal degrees of freedom. We model the detector as a resonant circuit (or a particle
detector) tuned to a particular transition frequency w;r, and with a sharp nonlinear threshold:
below a certain absorbed power, it remains in a metastable “ready” state; above it, a cascade
process triggers an irreversible transition to a macroscopically distinct pointer state (e.g. a chemical
reaction in a photographic plate, an avalanche in a photomultiplier, or a signal in a CCD pixel).
Because the zero-point fluctuations continuously drive the instantaneous power absorbed by the
detector, the first time the power crosses the threshold depends on the instantaneous magnitude of
the oscillating dipole, which is proportional to ,/w;wy. Given the uniform prior distribution of the
weights, the probability that the threshold is first crossed when the electron’s state is dominated
by mode n (i.e. when the weight w,, is largest among all competitors) is exactly |c,|?, as shown in
the detailed sketch of Appendix A.

Thus the Born rule,

P(outcome n) = |¢,|?,

is not an axiom but a dynamical consequence of:

1. the classical field equations for the spinor electron and the electromagnetic field;

2. the presence of a Lorentz-invariant zero-point radiation background that supplies the neces-
sary stochastic noise;

3. the macroscopic nature of the measuring device, which introduces a nonlinear threshold that
breaks the symmetry and selects a single outcome.
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No wave-function collapse is required: the “collapse” is the ordinary, causal process by which a tiny
classical fluctuation is amplified into a macroscopic record. The apparent indeterminism is entirely
due to our lack of control over the microscopic initial conditions of the zero-point modes, exactly
as in any other classical statistical system.

This completes the classical vibrational model of the hydrogen atom: it now predicts the full
spectrum, the correct transition rates, and the very same statistical predictions that are usually
attributed to quantum mechanics.

5 Conclusion

By replacing the scalar electron field with a classical Dirac spinor, we have endowed the purely
vibrational hydrogen model with intrinsic spin and the correct fine-structure spectrum. By adding
a classical zero-point electromagnetic background, we have shown that the Born rule can emerge as a
statistical property of detector-field interactions; no fundamental quantum randomness is required.
The final theory is a deterministic, nonlinear, stochastic classical field theory that reproduces the
full spectrum and probabilistic predictions of non-relativistic quantum mechanics for hydrogen.

The remaining frontier is the extension to multi-electron systems, where the Pauli exclusion
principle must arise from the classical dynamics of several coupled spinor fields. This will be the
subject of future work.

6 Copyright Notice

This article is published by the Authors under a Creative Commons CC-BY 4.0 license. The
Authors retain full copyright, with the first publication right granted to the London Journal of
Physics

A Derivation of the Born Rule via Stochastic Dynamics

We outline the essential steps that lead to the Born rule within the classical field framework. A
full rigorous treatment for the Dirac field will be given elsewhere; the present sketch demonstrates
the logical structure and relies on analogies with the known SED treatment of the Schrodinger
particle. [9, 35] Here we address the three main technical points raised in the main text: the
truncation of the projected equations to a diagonal Langevin form, the structure of the diffusion
matrix, and the reduction to a Fokker-Planck equation for the weight variable.

A.1 Stochastic projection onto stationary states

We expand the classical Dirac spinor field in the complete orthonormal basis of stationary Dirac-
Coulomb states ¥, (r),

U(r,t) = Z cn(t) e rt W, (1), /d3m Ul ()T, (1) = Spn.

The eigenfrequencies w,, = E,, , are given by (25), and the coefficients ¢, (t) are complex c-number
functions. The total electromagnetic four-potential is A, = AZXt + ALad + AEP, where AZXt is the
static Coulomb potential of the Q-ball nucleus, Aif‘d is the retarded self-field generated by the

electron current, and AEP is the random zero-point background.
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The complete equation of motion for ¥ follows from (1) with the total field A,: [iv*(d, —

ieA,) — me]¥ = 0. Inserting the expansion for ¥ and multiplying from the left by \IJIn(r)'yO (to
convert to Hamiltonian form) we obtain, after spatial integration,

[0~ wn)nn — i ()] enlt) =0, (27)

n

where the interaction matrix element HI2 (¢) contains all couplings to A™d and A%P.
We separate the deterministic and stochastic contributions by writing

H (t) = 29 () + HED ().

Radiation reaction (deterministic part)

The self-field ALad satisfies the Maxwell equations with the electron current as source. For a weakly
damped system, the dominant contribution comes from the on-shell part of the self-field that
oscillates at the same frequency as the mode itself. Standard classical radiation theory [141] gives,
in the non-relativistic approximation, H:24(¢) ~ —iv, 8,n, where the damping constant for mode
n is

2
_ ¢ 2 3
Tn = Fy— ; |k |” Wi (28)
with d,,;, = —e f A3z \I/ILr\IJk and wpr = w, — wi (positive for emission, negative for absorption).
For a stable bound state, 7, is the total spontaneous emission rate, matching (26).

Zero-point noise (stochastic part)

The zero-point potential AEP is a Gaussian random field with zero mean and covariance (19). The
interaction Hamiltonian is linear in AEP; projecting it onto the Dirac basis yields the complex
matrix elements

HEP () = —ie/d3:13 U, (1)y# W, () Agp(r,t). (29)

Because A/%P contains all frequencies, these off-diagonal terms couple every pair of modes to the ZP
field. However, in the rotating-wave approximation (RWA), we retain only those contributions that
oscillate slowly compared to the optical frequencies. For a weakly damped system, the occupation
amplitudes ¢, (t) vary on timescales ~ 1/7, > 1/w,. The off-diagonal elements H4" with m # n
oscillate at frequency |w,, — wy|, which for hydrogenic transitions is of order ~ mea?, still much
larger than 7, ~ mea®. We may therefore perform a time-averaging (secular approximation) and
drop all rapidly oscillating terms. Only the diagonal part HZY  survives, giving the noise term

) = HZP (1) = —ie / @ 0 (070, () AZP (1, 1). (30)

The off-diagonal contributions are not strictly zero, but they average out on the damping timescale
and generate only small second-order energy shifts; they do not contribute to the leading-order
stochastic dynamics of the populations. [9]

Assembling the deterministic and stochastic parts and applying the RWA, the projected equa-
tions (27) reduce to a set of independent Langevin equations for the complex amplitudes:

em(t) = —Ym cem(t) + fin(t), (31)

where fp,(t) is Gaussian white noise with zero mean.
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Diffusion matrix

The autocorrelation of the noise follows from (19) and the dipole matrix elements. In the Coulomb
gauge and the long-wavelength approximation (kagp < 1), the relevant component is the electric
dipole coupling. For the diagonal noise terms we obtain

(fm (@) (")) = 2Dy, 6(t — 1), (32)
with
D= N g 3 33

The sum over k runs over all stationary states. Because the integrand is symmetric, we can separate
the sum into “downward” contributions (wy < wy,, corresponding to decay) and “upward” contri-
butions (wx > wy,, corresponding to absorption). The downward part gives the same combination
as Ym; the upward part, which originates from the zero-point radiation, has an identical magnitude
because the ZP spectrum is symmetric. Thus the noise satisfies the classical fluctuation-dissipation
relation

Dy, = .- (34)

The cross-correlation between different modes, (fp,(t)f5(t')) for m # n, is suppressed by the RWA
and is negligible in the long-time limit that concerns us here. (It can be shown that its contri-
bution to the Fokker-Planck equation for the populations averages to zero under the same secular
approximation.)

A.2 Fokker-Planck equation and uniform weight distribution

We now specialise to a superposition of two orthogonal states |1) and |2) with we > w;. The
Langevin equations (31) for ¢1, ¢y are

é1 = —yc1 + fi1(t), ¢y = —yac2 + fa(t).

It is convenient to write ¢, = /I, €4™ (amplitude-phase decomposition). Using It6 calculus, the
stochastic differential equations for the intensities I,,, = |cm|? read

AL = (—29mIm + 2Dy dt + /4Dy Iy, AWy,

where W,,, are independent Wiener processes. With the fluctuation-dissipation relation D,, = v,
the drift term vanishes for the stationary distribution of I,,,. The total energy F o wili + wals
is approximately conserved over the damping timescale (the energy lost to radiation is resupplied
by the ZP). Therefore, to leading order, the sum I; + I» fluctuates weakly around a constant; we
impose the normalisation I; + Iy = 1 (absorbing the constant into the definition of the states).

We now define the weight w = Iy/(I; + I2) = I. From the It6 equations for Iy, I one derives
the stochastic differential equation for w:

dw = (71 —y2) w(l —w)dt + /4172 w(l — w) dW,

where we have used the fact that the two noise sources are independent and D,, = 7,,. The
corresponding Fokker-Planck equation for the probability density P(w,t) is

oP 0 oP 0
= [Dw(w)aw] — o [vu(w) P], (3)

London Journal of Physics 12 DOI 10.69710/1jp.v3i2.18296


https://dx.doi.org/10.69710/ljp.v3i2.18296

Spin and Statistics from a Classical Vibrational Field Volume 3 No 2

with the diffusion coefficient
Dy(w) =2y w(l —w),
and the drift term v,,(w) = (71 —y2)w(1—w). For hydrogenic levels v; and -9 are both proportional

to a®m, and are comparable. However, in the steady state the drift is balanced by the diffusion,
and the stationary solution of (35) is

Py (w) x exp < ”Z((Z/,)) dw’> — constant, (36)

D
because vy, /Dy = (71 — 72)/(27172), independent of w. Hence the stationary distribution of w
is uniform on [0,1]. After a sufficiently long time under the influence of the zero-point field, all
possible energy partitions between the two modes are equally probable.

A.3 Detection as nonlinear amplification

A macroscopic detector tuned to the transition frequency Aw = wo — wy couples to the oscillating
dipole (22) and absorbs energy at a rate proportional to I;ls = w(1—w). Crucially, any real detector
possesses a nonlinear threshold: below a certain absorbed power it remains in a metastable “ready”
state; above the threshold it rapidly transitions to a macroscopically distinct pointer state. This
nonlinearity breaks the symmetry between the two modes. Because the zero-point noise continu-
ously drives the instantaneous weight w across the interval [0, 1], the first passage of the absorbed
power above the threshold selects the mode that is momentarily dominant. The probability that
the detector registers outcome “2” is therefore the fraction of time that w is above the effective
threshold, which, for a uniform weight distribution and a symmetric coupling, equals (w) = 1/2
when |¢1| = |ea]. For general initial amplitudes, the uniform distribution of the weight implies that
the detection probability is exactly P(2) = |ca|?.

The argument generalises immediately to many-state superpositions: the phase space of the
coefficients supports a uniform stationary measure on the sphere Y, |c,|? = 1, and the detector’s
energy absorption picks out the component with the largest instantaneous weight, yielding the full
Born rule P(n) = |c,|%.

A.4 Summary

The zero-point radiation provides a dephasing mechanism that erases the deterministic interference
pattern, while the detector’s nonlinearity converts the continuous classical superposition into a
discrete macroscopic outcome. The probabilities are not fundamental but emerge from the ergodic
properties of the stochastic dynamics, exactly as in the SED programme for Schrédinger particles.
No wave-function collapse or quantum postulate is required; the Born rule is a consequence of the
interplay between the classical field equations and the ever-present zero-point background.
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